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m ■ 1 Introduction 

> 



Let G be a compact topological group. We consider the following stochastic equation on 



CN ' the state space G indexed by — N: 

O ! Vk = tkVk-i, ke-N (1.1) 

On 

where (rjk) — (rjk : k e — N) is an unknown process and = : k G — N) is a 
driving noise, i.e., the ^'s are independent (but in general not identically distributed), 
^ | both taking values in G. Iterating equation (II. ip . we have 

Vk = tktk-i ■ ■ ■ ti+iVh k, I e -N, k > I. (1.2) 

If we regard rji as an initial state, then the states afterwards {^+1,^+2, • • • ,Vo} ma y be 
obtained from the noise {6+1; 6+2> • • • > £0} together with the initial state rji. But the 
difficulty in the study of equation (II. ip comes from the fact that there is a priori no 
"initial state at time — 00" . 
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We are interested in conditions on the noise law for the set of all possible solutions 
of equation (11. ip to satisfy certain properties. In particular, we raise the following three 
questions (all of which will be stated precisely in the next section): 
(Ql) Does uniqueness in law hold? 

(Q2) Does there exist a strong solution, i.e., a solution where each rjk is measurable with 
respect to the noise up to time kl 

(Q3) If a solution is non-strong, the noise process up to time k is inadequate to completely 
know the value of rjk- Can we find some independent G- valued random variable which 
complements the lack of information? 

The purpose of the present paper is to give clear answers to (Q1)-(Q3). Our results 
generalize those of Yor [20J and complete those of Akahori et al. [lj. We point out that a 
key role is played by extremal solutions, which are precisely the solutions whose remote 
past is trivial (see Section [2]). For this purpose, we shall utilize the general theorems (see 
Theorems 15.11 and I5.2p about infinite products of independent random variables, which 
are due to Kloss [T2], Tortrat [T7] and Csiszar [7]. We will see that, thanks to the choice 
of — N, instead of N, as the index set, these theorems are deepened by our main theorem 
(Theorem I2.2p in terms of Markov processes. 

The present paper is organized as follows. In Section &\ we give some notations, explain 
our terminology, and then state our main theorems. In Section |3j we give two important 
lemmas concerning cx-fields. In Section HJ we recall some of the results of Yor |20j and 
Akahori et al. pQ . Section [5] is devoted to the proofs of main theorems. 

2 Main results 

2.1 Notations and terminology 

Let G be a compact topological group which we assume to be Hausdorff and with a 
countable basis. Then G is necessarily metrizable (see, e.g., [5j Prop. 7. 1.12]); in particular, 
G is a Polish space. To avoid trivial complications, we suppose that G contains more than 
one element. 

Let us give precise definitions as to the terminology appearing in (Q1)-(Q3), which 
is related to some filtration problems. Denote N = {0,1,2,...}. For two processes 
(rjk : k G — N) and : k G — N) defined on a common probability space, we consider the 
three nitrations: 

H = a (Vm ■ m < k), J"! = a(C m ■■ m < k), and = cr{r) m ,£ m : m < k). (2.1) 

Let n = (/ifc : k G — N) be a family of probability laws Hk on G. By a solution of 
equation (II. ip (with the noise law fi), we mean a pair of processes {(%), (£&)} defined on 
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a probability space (Q, J 7 , P) such that 

{Vk = ikVk-i a.s., 
£ fe is independent of J^_ v (2.2) 
^ has law fi^. 

This is equivalent to stating that (rjk) is a (possibly time-inhomogeneous) Markov process 
indexed by — N such that 

^[/(l*)W-i]=//(S'?k-ik(ds) a.s., fcG-N (2.3) 

for all non- negative Borel function / on G. We note that, since 

ffc = VkiVk-i)" 1 a.s., (2.4) 

there is the equality J-^ — > i n particular, JF^ C J 7 ^. 

Let us fix /i = (/ifc : G — N) throughout this paper. Following Yor [20J and Akahori 
et al. PQ, we introduce the following definitions: 

• Let S?^ denote the set of the laws of (7%) on G~ N for all possible solutions {(rjk), (6c)}- 
The set <^ is a compact convex subset of ^(G _N ), the set of all probability laws 
on equipped with the topology of weak convergence and with the usual convex 
structure. 

• We say that a solution {(77°), (£&)} is extremal if the law of (77°) is an extremal point 
of the compact convex set SP^. We denote by ^extremal se t of all extremal points 
of^. 

• We say that uniqueness in law holds if any two solutions have the same laws. 

• We say that a solution {(i] k ), (£&)} is strong if each 7/ fc is a.s. measurable with respect 
to the past noise, i.e., J-^ C a.s. for all k G — N; so that in this case JF^ = JF^. a.s. 
We denote by ^^ tron g the set of the laws of (77*.) for all strong solutions (£&)}■ 

The terms "uniqueness in law" and "strong" originate from the theory of stochastic 
differential equations; see, e.g., [TU] . 

2.2 Basic facts 

Let us recall some basic facts concerning solutions of equation (11. ip . 

First, we state without proof the following five facts numbered from 1) to 5), which 
are due to Yor [20J and Akahori et al. pQ. We will give their proofs in Section |4] for 
completeness of this paper. 
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1) . For a solution {(rjk), the joint law of ((rjk), (&)) on G~ N x G~ N is determined 
from the sequence (A/.) of the marginal laws of (rjk) on G _N . We can and do in what 
follows identify two solutions having common joint laws, so that a solution {(i] k ), 

will be identified with the sequence (A&) as well as with the law of (r] k ) on G~ N , which is 
a point of S?^. 

2) . For a solution {(rjk), (6s) }> the sequence (A*,.) of the marginal laws of (r] k ) satisfies 
the convolution equation 

A* = Hk * A fc _i, ke-N. (2.5) 

Conversely, for a sequence (A&) C &{G) satisfying the convolution equation (12. 5p . there 
exists a solution {(rjk), (£&)} whose joint law is unique such that (Afe) is the marginal laws 
of (rjk), i.e., Afc = P(r]k G •) for each k G — N. 

3) . Whatever the noise law \i = (fi k ) is, there always exists a solution such 
that each if k is uniform on G, i.e., the law of rf k on G is the normalized Haar measure of 
G. This is the case because G is compact. We call {(r)l), ^ e uniform solution and 
we denote the law of (77^) by P*. From this, we obtain the following: 

• Uniqueness in law holds if and only if = {P^}- 

• Since S?^ is non-empty, so is ^extremal ^ 

Moreover, the uniform solution is non-strong; in fact, each r]\ is independent of Tq. 

4) . A solution {(77°), (£&)} is extremal if and only if the remote past Tl^ := HfcJ-^ 
is trivial. By Kolmogorov's 0-1 law, we see that a strong solution is always extremal; in 
other words, 

^strong ^ ^extremal ^- ^ ^ 

5) . Let an extremal solution {(77°), (£&)} be fixed. Any other extremal solution is then 
identical in law to {(r/lg), (£&)} for some g G G. This shows that any solution is identical 
in law to {(r/lV), for some G- valued random variable V independent of {(r/l), (6c)}- 

Second, we mention the following trichotomy, which may be deduced immediately from 
the above facts l)-5) (see also [19]): 

Case (A): Uniqueness in law holds, i.e., SP^ = {P^}- In this case, the uniform 
solution is the only solution, so it is extremal, but it is non-strong. 

Case (B): There exists a strong solution, i.e., ^strong ^ 0. In this case, uniqueness 
in law fails. Moreover, it holds that ^strong = ^extremai^ j e ^ a jj ex tremal solutions are 
strong, and all non-extremal ones are not. 

Case (C): Uniqueness in law fails and there is no strong solution. In this case, 
it holds that ^ mn s = an d c & u . 

Third, we discuss some problem of nitrations. The discussion in the following seems 
elementary but needs more carefulness than one may expect; see, e.g., [31 §2.5] and refer- 
ences therein. In fact, it has been a source of errors; see, e.g., [02 a) of §5]. 
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For decreasing cx-fields Fo^F-i, 



and a ex-field G, it is obvious that 



le-N ve-N / 



(2.7) 



But this inclusion is sometimes strict; one cannot always change the order of the two 
operations fl; g _N and V. We will give in Lemma 13.31 some sufficient condition so that 
the equality holds in ( 12 .7p . For some recent discussions of this well-studied question, see 
Crimaldi et al. [6] and Berti et al. [2]. 

Let {(T)k), (6c)} be a solution. By equation (11.11) . we have 

Pi ( J? v jg) = n (2.8) 

whereas 

P ) V ^ = ^-oo V 4- (2-9) 

As we have noted above, the a- field (12.91) may be strictly contained in ()2.8|) : in other 
words, the present J-q may possess some extra information which cannot be explained by 
the noise J-q together with J 7 !^, the "initial state at — oo". So we want to find a sub 
ex-field Q such that 

^o^V^VJ^a-S. (2.10) 
and the three cx-fields G, J-l^ and Jq are independent. (2-11) 

We call Q an independent complement of J 7 !^ V in . See Chaumont-Yor [3[ §2] and 
references therein. 



2.3 Extremal solution 

Let us present our main theorems. The proofs of all theorems and corollaries presented 
in this subsection will be given in Section |5j 

For a compact subgroup H of G, we denote by uh the normalized Haar measure on 
H. We denote by G/H the quotient set, i.e., the set of all left cosets gH = {gh : h € H} 
for g G G. The set G/H is equipped with the smallest topology in which the canonical 
projection G 3 g h-> gH G Cr/if is continuous. Then we see that G/H is compact and 
metrizable. 

The following theorem, which is essentially due to Csiszar [7], concerns infinite convo- 
lution products of probability laws on G. 

Theorem 2.1. There exist a sequence (A&) of probability laws on G, a sequence (aj) of 
deterministic elements of G, and a compact subgroup H of G, such that the following 
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statements hold: 

(11) Hk * /ifc-i * • • • * \i\ * S ai — > \k as I — > — oo for each k G — N; 

(12) S a -i * A;_! — > uj h as I — > — oo; 

(13) Afc * 5h = Afc for each h G H and each k G — N; 

(14) If ik's are independent random variables such that each has law fi k 
then, for any k G — N, £,k(,k-i • • • £,iotiH converges a.s. in G/H as I — > — oo. 
If, moreover, (Xk), (5?fc) and H also satisfy (II) -(14), then it holds that 



Afc = A fc * 8, 



H = g-'Hg 



(2.12) 



for all accumulation point g of {a L 1 ai : I G — N}. 



We remark that the sequence (Xk) above satisfies the convolution equation f)2.5p . This 
suggests that it is natural to choose — N, instead of N, as the index set. We may say that 
the following theorem, which characterizes extremal solutions, deepens Theorem 12.11 in 
terms of Markov processes. 

Theorem 2.2. For any extremal solution {(^°), (6s)}; there exist a sequence (ai) of de- 
terministic elements of G and a compact subgroup H of G such that the following four 
conditions hold: 

(El) £fc£fc-i ' ' ' ii a i — ► Vk as I ~ * ~°° f or eac h k e ~~ 

(E2) a^n^ — > Uh as I — >■ — oo where Uh is uniform on H; 



(E3) (if k h) = (rf k ) for each h G H and each k G -N; 

(E4) ikik-i • • • iiaiH r] k H as I -»■ -oo for each k G — N. 

If, moreover, {(rj^), (£&)} is another extremal solution which satisfies (E1)-(E4) with (5/) 
and H , then it holds that 



for all accumulation point g of {a L ai : I G — N}. 

Remark 2.3. Since rfl_]_ is independent of cr(£fc, • • • 6), we can combine the two 
conditions (El) and (E2) together as follows: 

• (6fc6e-i • • a^Vi-i) (Vk> U h) as / -> -00 for each k G -N 

where Uh is independent of i] k and is uniform on H . 

In particular, this shows rflUn — Vk-> which immediately implies (E3). 

The following theorem plays an essential role in the proof of Theorem I2.2L 
Theorem 2.4. The following statements hold: 

(i) If {{rfl), (£*•)} is a solution and satisfies (El) with some (on), then it is extremal. 

(ii) If {(77^), (£&)} is a solution which satisfies (El), (E3) and (E4) for some (ai) and 
some H , then it also satisfies (E2) with these (a{) and H . 



= H = g- 1 Hg 



(2.13) 
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For a given noise law // = (//fc), the compact subgroup H of Theorem 12.11 (or Theorem 
12. 2p is unique up to conjugacy, so we sometimes denote it by H^. The subgroup may 
be characterized as follows. 

Corollary 2.5. Let {(77°), (£fc)}; (cty) and be as in Theorem \2.2\ Then the following 
statements hold: 

(i) ff^feG:(*) = (4 

(ii) if M is £Ae smallest compact subgroup H such that !;k£,k-i • • • -^4 ^jj-ff as / — > —00 
/or a// fc e -N. 

The following corollary answers (Ql) and (Q2). 

Corollary 2.6. Let be as in Theorem \2.1[ Then the following statements hold: 

(A) The following statements are equivalent: 
(Al) Uniqueness in law holds; 

(A2) H„ = G; 

(A3) For any k 6 — N, £fc£fc-i • • • 6 — ► Uq as I ^ —00 where Uq is uniform on G. 

(B) TTie following statements are equivalent: 
(Bl) There exists a strong solution; 

(B2) # M = {unit}; 

(B3) There exists a sequence (a{) 0/ deterministic elements of G such that, for each 
k G — N, £*;£fc-i ' ' 4 & a i converges a.s. as I — > —00. 

In t/iis case, if we write rfl for the limit in (B3), i/ien the pair {(^), (£&)} a strong (and 
consequently extremal) solution. 



2.4 Complementation formulae 

For any compact subgroup H of G, there always exists a measurable section s(-) : — >■ 
G (see [3 Exercise 8.4]). We define the measurable mapping h(-) : G — > H as 

h(g) = (s(gH))- 1 g, g E G. (2.14) 

Then the mapping 

G 3 g = s{gH)h{g) ^ (gH, h(g)) e (G/H) x H (2.15) 

is a bi-measurable bijection, where the direct product (G/H) xH is equipped with product 
topology. 

In this subsection, we assume that \i = denotes a given noise law and that (A&), 
(a/) and H are as in Theorem 12. II Let s(-) : Cr/if — >■ G be a measurable section associated 
with this H and /i(-) be as defined by (12.141) . 

The following theorem provides us with a procedure of constructing an extremal solu- 
tion from the noise together with an additional randomness. 
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Theorem 2.7. Let 's be independent random variables such that each has law /?,& 
and let Uq be a G-valued random variable independent of For each k G — N, define 

<p k =s ( lim ^a-i ■ • ■ , (2-16) 

\ l— >— oo / 

EWfc 1 (£o£-i-"&+i)"Vo^, (2.17) 

and i/ien define 

V° k =<PkU k . (2.18) 

Tnen {(n°), (£&)} is an extremal solution such that each n° aas law Moreover, for any 
k G — N, no/ds tnat [/& is independent of Jg and is uniform on H, and that 

JFf =a{U k )Mji (2.19) 

where cr(£4) and J-| are independent. 

Theorem 12.71 will be proved in Subsection 15.31 

By Theorem 12.71 and by point 4) of Subsection I2.1[ any solution {(%), (£&)} may be 
represented as n*. = 4>kUkV for some random variable V independent of V <t(Uq), and 
consequently, it holds that, for any k G — N, 

J^Ca(U k )Va(V)Vji a.s. (2.20) 

For the converse inclusion, we need to take V nicely and to represent V and [/& in terms 
of (r]k)- The following theorem solves this problem and answers (Q3) completely. 

Theorem 2.8. Let {(%), (£&)} fre an?/ solution. For any k G — N ; define 

<Pu =s ( lim ^6-1 • ■ ■ tiaiH) , (2.21) 

V Z— >— oo / 
\ -1 

-1 



1/ =s lim jyfVi-ff , (2-22) 
[/ fc =^(r/ fc y- 1 ). (2.23) 

Then, for any k G — N, tae random variable n& is factorized as n& = (pkUkV and the 
following statements hold: 

(i) fc G a.s./ 

(ii) £7fe is independent of o~(V) V ana " ^ s uniform on H ; 
(in)^_ 00 = a(V). 

Moreover, it holds that, for any k G — N, 

H = < U k) V <t{V) V Ji a.s. (2.24) 
where the three a -fields o~{Uk), o~(V) and are independent. 
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Theorem 12.81 will be proved in Subsection 15.61 
Corollary 2.9. Let {{rjk), (60 } be an V solution. Then the identity 

n v 4) = ( n ) v ^ a.8. (2.25) 

ze-N Ve-N / 

/ioWs i/ and only if there exists a strong solution. 

Proof. By (|23J and (j2T9]l . the identity fl2T25|) holds if and only if J% = Tl^ V T\. By 
Theorem 12.81 this is equivalent to triviality of c(Uo), which leads to H = {unit}. The 
proof is now completed by (B) of Corollary 12.61 □ 



2.5 The case of one-dimensional torus 

Let us consider the case of one-dimensional torus G = T = [0, 1). In this case we prefer 
addition instead of multiplication, so that equation (II. ip may be rewritten as 

Vk = & + Vk-i, fce-N. (2.26) 

For a given noise law \x = (fik), the compact subgroup H = as in Theorem 12.11 is 
uniquely determined. We have the following three distinct cases: 

(A) fT M =[0,l). 

(B) H, = {0}. 

(C) Hfj, may be expressed as 

if, = (o, ^1 (2.27) 



for some integer p^ > 2. 



For x G K, we write [x] for the integer part of x, i.e., the largest integer which does 
not exceed x, and write {x} for the fractional part of x, i.e., {x} — x — [x]. In the case 
(C), we identify the quotient set G/H^ with [0, (= T). In this case, we may choose 

as the measurable section s(-) the mapping 

8 li (x + H fl ) = {p li x}/p fl , xG[0,l), (2.28) 

hence we see that h(-) = h^-) is given as 

K(x) = [p„z]/p„, x G [0, 1). (2.29) 



Now we obtain the following corollary (see Subsection 14. ip : 

Corollary 2.10. Suppose that G = T = [0, 1). Let (a/) and as in Theorem \2.2[ Let 
{{i]k), (£&)} be any solution. Then the following statements hold: 
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(A) Uniqueness in law holds if and only if = [0, 1). In this case, it holds that J 7 !^ is 
trivial and, for any k G — N, that rjk is uniform on G and 

J^ = a( m )Vji a.s. (2.30) 
where cr(j]k) and J 7 ^ are independent; 

(B) There exists a strong solution if and only if = {0}. In this case, for any k G — N, 
the limits 



>k '=i 



lim [y^£,j + ai }, V := lim (rji - fa) a.s., (2.31) 

->— oo \ ' J I I— oo 

V 3=1 / 

exist and rjk = 4>k + V where V is independent of Jq. Moreover, it holds that J 7 !^ = o~(V) 
a.s. and, for any k G — N, that 

Fl = o{V)Vji a.s. (2.32) 
where c(V) and J 7 ^. are independent; 

(C) Suppose that is of the form (I2.27P for p^ > 2. Then, for any k G — N, the limits 

( k \ 1 

lim IN + an I modulo — a.s., (2.33) 

\U J 

V := lim (rji — fa) modulo — a.s. (2.34) 

i->-oo p M 

exist where V is independent of J-q, 

U k :=— Ip^Vk-V)} (2.35) 

is uniform on and is independent of a(V) V Jq. Moreover, for any k G — N, it holds 
that t]k = 0^ + Uk + V and that 

J=l = a(U k ) V a(V) V J* a.s. (2.36) 
where the three a -fields a{Uk), a{V) and J 7 ^ are independent. 



3 Some discussion on cr-fields 



In this section we give two lemmas concerning cr-fields, which will play important roles in 
our analysis. These lemmas seem elementary but should be dealt with carefully, because 
their statements are sources of errors. The first one is as follows. 

Lemma 3.1. Let (Q, J 7 , P) be a probability space. Let J-q and Q be two sub a -fields. Let 
X be an integrable random variable. Suppose that a(X) V J-q is independent of Q. Then 
it holds that 

E[X\-F vg\=E[X\-F ). (3.1) 
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Proof. Since cr(X) V J-" is independent of we have, for A £ J an d B e G, 

E[X1 A 1 B ] = E[X1 A ]E[1 B ] = E[E[X\F]l A ]E[l B ] = E[E[X\J=]1 A 1 B ]. (3.2) 

Thus, a monotone class argument yields 

E[Xl c ] = E[E[X\F ]l o ], CeF vg. (3.3) 

Now the proof is complete. □ 

Remark 3.2. If we assume, instead of the independence between o~(X) V Jo and G, that 
J"o and Q are independent, then the conclusion (13. ip does not hold; see [31 Exercise 2.2.1] 
for counterexamples. 



The second one is taken from [3J Exercise 2.5.1]. 

Lemma 3.3. Let (CI, J 7 , P) be a probability space. Let {J^q, J-"_i, . . .} be a decreasing 
sequence of sub a-fields and Q a sub a -field. Suppose that Tq is independent of Q. Then 
it holds that 



n {TivQ)= [ n A 

le-N \ie-N J 



(3.4) 



Proof. Let us write J-loo for D/g-N^- It suffices to prove that riz e _Npl V G) C J-loo V (/, 
since the opposite inclusion is obvious. Let A G J-q and B a Q. Then, on one hand, we 
have 



E[l A l B \riVG] 1 ^e 



(3.5) 



On the other hand, we have 

E^aIbI^ V Q\ =E\V A \7 X V G]1 B = EIUI^Ib (from LemmaEZD 

'^^[IaI JL^lfl = S[1a|J-oo V Q\l B = E[1 A 1 B \ T-n V Q\. 

Hence we see that the identity 



E 



X 



ie-P 



E[x\T^yG] 



(3.6) 
(3.7) 



(3i 



holds for X = Iahb- A monotone class argument shows that the identity (13.81) holds for 
all X G L 1 (J r o V Q). Now the proof is complete. □ 
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4 Stochastic equations indexed by negative integers 

Our problem originates from Tsirelson's example of a stochastic differential equation with 
driving Brownian motion which has no strong solution ([!]). He reduced the problem to 
equation ( II. ip on the torus G = R/Z where the noise process consists of the projections of 
independent Gaussian variables. See [18] and [19] for brief surveys of this topic; see also 
[T6] . (Note that, in [18] and [IB] , the authors used the word "remote past" for "something 
at the time — oo" , which is misleading because it is different from the usual terminology 
where "remote past" means the cr-field J-l^-) 



4.1 Yor's stochastic equation 

Looking for some better understanding of the properties of Tsirelson's equation [4], Yor 
[20] studied the equation on the state space R given as 

rik = Zk + {rik-ih ke-N (4.1) 

for a general noise process £, where {x} stands for the fractional part of x. He characterized 
the properties of the set of solutions in terms of the noise laws. Let us recall some of his 
results. 

Let jj, = (/ifc : k £ — N) be a family of probability laws on R. Define 



Z M 



{ p £ Z : tt m G») := lim I f / 



e 2mpx iik(dx) 



> } . (4.2) 



Note that 7r M (p) = 1 if p £ Z M , while vr M (p) = otherwise. Then it follows (see [20, Prop. 3]) 
that Z M is a subgroup of the additive group Z. Now there exists a unique non-negative 
integer p M such that Z M = p M Z. The following theorem, which summarizes Prop. 4, Thm.3, 
Thm.4 and Thm.5 of [20], gives a complete answer to (Q1)-(Q3): 

Theorem 4.1 Q20J). Let {(%), denote any solution of (14. ip . T/ien the following 
statements hold: 

(A) Uniqueness in law holds if and only if p^ = 0. In this case, it holds that J 7 !^ is trivial 
and, for any k £ — N, that the fractional part {r]k} is uniform on [0, 1), and that 

H = °({Vk})vH a.s. (4.3) 

where o~({r)k}) and are independent; 

(B) There exists a strong solution if and only if p^ = 1. In this case, it holds, for any 
k £ -N, that 

r k =FL oa VJ* a.s. (4.4) 

where J-l^ and are independent; 

(C) Ifp^ = 2, 3, . . i/ien it holds, for any k £ — N, that 

{PfiVk} e -T'oo V J 7 ! a.s., [p^r/fc] zs uniform on {0, 1, . . . ,p M - 1}, (4.5) 
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a.s. 



(4.6) 



where the three a -fields c([p^r]k]), Floo and J 7 ^ are independent. 

Note that if {(fjk), (60) * s a solution of equation (14.1 ft taking values in R, then the pair 
{({%})> ({6c})} i s a solution of equation (II. ip taking values in R/Z. Moreover, it has 
been proved in [TJ §9] that certain properties, which are of interest to us, of the solutions 
of equation (14.11) are equivalent to those of the solutions of equation (II. ip . Here Z M = p M Z 
corresponds to our in relation (12.271) . 

Remark 4.2. (i) Identity (14. 2 p shows how to compute the characteristic p^ from the 
noise law /i. We can characterize the subgroup in terms of the noise law fi completely 
in the case where G is commutative, but we do not know how to do this in the general 
case; see pQ Thm.6.1]. 

(ii) Our Corollary 12. 101 gives more information than Yor's Theorem 14. II in that the remote 
past J-^Loo is given explicitly as cr(V) in the cases (B) and (C). 

4.2 General lemmas 

Let us give several general lemmas concerning solutions of equation (11.11) taking values in 
compact groups. 

Lemma 4.3 (P, Lem.4.3]). The following assertions hold: 

(i) Let {{r)D, (£fe)} and {(f]l), (£!)} be two solutions of (11.11) . Suppose that r]} — rjf for all 



Then there exists a solution {(r/fc), (6s)} such that each r)k has law Xk- 

Proof, (i) Let / G — N. For any k > I, we have r\ l k = ■ ■ ■ CmVi f° r 2 = 1,2. Hence we see 
that the joint laws of (r]l, . . . , T]q) for % = 1, 2 coincide. This proves that (r]\) = (rjfy. 

(ii) For any I G — N, we construct a family of random variables {rj^ , ^ : k = /,..., 0} 
as follows: Let X, £/, . . . ,£o be independent random variables such that X has law A;_i 
and each £ fe has law [ik- For k = /,..., 0, we define 77^ = 6c6c-i ' ' "6-^- Then from the 
convolution equation (14. 7p . it follows easily that the family {n^ : / G — N} of probability 
laws of {r)k\^ '■ k = ^ • • ■ , 0} is consistent. Thus, by Kolmogorov's extension 
theorem, we see that there exists a pair of processes {{rjk), (6c)} such that, for each 
/ G — N, the law of {r/k, 6i : k = I, . . . , 0} is 11^. It is now easy to verify that the process 
{(Vk), (6c)} is as desired. □ 



*e-N. Then( V l)±( V l). 



(ii) Let (Xk) C &{G) which satisfies the convolution equation: 



Xk — Hk * Ajfc_i 



k G -N. 



(4.7) 
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Theorem 4.4 ([20], PQ). There exists a unique uniform solution, i.e., a solution {(rj k ), 
such that each rfe is uniform on G. Moreover, each rjl is independent of 

Proof. Let X k = ojq for all k G — N. Then the sequence (A/.) satisfies the convolution 
equation (14. 7p . and hence we obtain the desired conclusion by Lemma [4. 31 □ 

Remark 4.5. A process (rjk) is called stationary if, for each n G N, the joint law of 
(rj k ,rj k _i, . . . ,rj k _ n ) does not depend on k G — N. Since = ^(^-i) -1 , we see that, if 
the process (rjl) is stationary, then the noise (£ k ) is identically distributed. In this case, 
the process (rj^) is stationary See [16J for the detailed discussion in this case. 

Lemma 4.6. Let {(rj k ), (6c)} be a solution. Then the following statements are equivalent: 

(i) For all k G — N, J 7 ^ = a.s. (i.e., this solution is strong); 

(ii) There exists k G — N such that = a.s.; 

(iii) = a.s. 

Proof. It is obvious that (i) implies (iii) and that (iii) implies (ii). Let us prove that (ii) 
implies (i). 

Suppose that JF ko = J^ Q a.s. for some ko G — N. For k > k + l, since rjk = • • • Cfeo+i^o 
and since r] ko G J-| C J-| a.s., we have rj k G J-|. For k < k — 1, since r] k = 

(6co " " " 6fc+i)~ V > we nave % G -^v Since = H v & with £ = °"(6fc+i, ■ ■ ■ > 6J which 
is assumed independent of cr(?7fc) V Lemma I3TT1 shows that l^(r/fc) = i? [1^(^/0 1 •T'lj = 
^[Ia^A;)!^"!] for all A G B(G). This proves that % G a.s. Thus we obtain C F k 
a.s. for all k G — N. By identity (12. 4p . we obtain J 7 ^ = J 7 ^ a.s. for all A; G — N. The proof 
is now complete. □ 

Recall that 0?^ is the set of the laws of (rj k ) on G~ n for all possible solutions of equation 
( ll.ip . Thus S?^ is a subset of the compact convex set £?(G~ n ) where &(G~ n ) is equipped 
with the topology of weak convergence. Moreover, by Markov property ( 12. 3p . we see that 
&n is also compact and convex. 

Lemma 4.7. Let {(%), fre a solution. Then it is extremal, i.e., the law of (rjk) is 
an extremal point of SP^, if and only if J-l^ is trivial. 

The proof can be found in [201 Thm.l] and [H Lem.1.2], but we give it for completeness 
of this paper. 

Proof. We may assume without loss of generality that (rjk) is the coordinate process on 
G~ N . 

Suppose that J 7 !^ is trivial. Suppose also that P can be represented as P = cP\ + 
(1 — c)P2 for some P\,P2 G and < c < 1. Then Pi is absolutely continuous with 
respect to P. By the Radon-Nikodym theorem, we see that there exists a non-negative 
functional D such that dP\ = DdP. Let Z be a non-negative functional. Since P and 
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Pi are solutions with the same noise, we have P[Z\J-£] = Pi[Z\J-£] P-a.s. by Markov 
property ( 12.3]) . Hence we have 

P[DZ] = P X [Z\ = Pi[Pi[^|^]] = P[DP[Z\JFI\\ = P[P[D\J%Z\. (4.8) 

This shows that D G J^Lqo P-a.s. Since J-l^ is P-trivial, we have D = 1 and Pi = P. 
This proves that P is an extremal point of SP^. 

Suppose that J-l^ is not trivial. Then there exists a set A G J 7 !^ such that c := 
P(A) G (0, 1). Hence P may be represented as P = cP\ + (1 — c)p2 where dPi = l^dP/c 
and dP2 = l J 4=dP/(l — c). It is easy to see that Pi, P2 G which shows that P is not 
an extremal point of Sfl^. □ 



4.3 Results from Akahori— Uenishi— Yano [1] 

Let us recall several results from Akahori et al. pp. 

Theorem 4.8 QlJ). Let {(77*), (££)} and &e ^0 solutions of dHJ. Sup- 

pose t/iat t/iey are extremal. Then there exists a deterministic element g G G such that 

The proof of Theorem 14.81 can be found in (TJ Thm.1.3], which was based on a coupling 
method. So we omit the proof. 

Corollary 4.9. Let {(77°), be an extremal solution. Then any solution (Cfe)} 
may be represented as 

M),(e k )} = Mv),m (4.9) 

for some G -valued random variable V independent of {(??£), (6c)}- 

Proof. From Theorem I4.8[ it follows that the laws P^°9) Q f (rj^g) for g G G exhaust all 
extremal points of S?^. By the Krein-Milman theorem (see, e.g., P~5]), we see that the 
law PhD of (rjl) may be represented as 

p(ui)(.) = /" p(^)(.)x/(d(/) (4.10) 
</g 

for some probability law v on G. Then we have (77^) = (rj®V) for some G-valued random 
variable V independent of (77°). By equation (12.41) . we complete the proof. □ 

Akahori et al. pQ partially generalized Yor's Theorem 14.11 To summarize in the frame- 
work of groups, we may say that Yor's study [20] was based on the Pontryagin duality 
between the (locally) compact group R/Z and the class of all characters on R/Z, while 
Akahori et al. [T] was based on the Tannaka duality between a compact group G and the 
class of all unitary representations on G. 
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Let {(tjI), (Cfe)} be an extremal solution. Define 

H*° = {g G G : Kg) =4 ( % )}. (4.11) 

Let denote the set of all unitary representations p of G on a finite dimensional linear 
space. Define 

^strong = j p £ . p ( 7? 0) G jr« a g for aU fc G _ N | ( 4 12 ) 

and 

^strong = { geG: p{g) = id for every p e ^strong| ^ 

Theorem 4.10 ([1, Thm.1.6]). The following statements hold: 

(A) Uniqueness in law holds if and only if H™° = G; 

(B) There exists a strong solution if and only if H s ^ rons = {unit}. 

By virtue of our Theorem I2.2[ we obtain the following theorem: 

Theorem 4.11. Let and (&)} as in Theorem{£R Let H'™° and Hf ons be 

associated with {(r?°), (£*)}■ 27ien it holds that 

H™ = H„ H^={JgH,g-\ (4.14) 

In other words, H^ rong is the smallest normal subgroup containing H^. 
The proof of Theorem 14.111 will be given in Subsection 15.71 

5 Proofs of main theorems 

We prove our main theorems in the following order: Theorem 12. 1[ Theorem I2.4[ Theorem 
12 .7\ Theorem 12.21 an d Theorem 12.81 

5.1 General principle of Kloss— Tortrat— Csiszar 

Limit laws of infinite products of random variables on compact groups have been first 
studied by Kawada-Ito [11]. After that, Kloss [12] discovered a general principle of infinite 
products, which was generalized to locally compact groups by Tortrat [17] and by Csiszar 
[7J independently. Let us recall some results from Csiszar [7J. For some discussions in the 
case of locally compact semigroups, see, e.g., Mukherjea-Tserpes [13J. For basic notations 
and facts about probability laws on compact groups, see, e.g., standard textbooks [14] . 
[H] and [S]. 

The following theorems are taken from Csiszar [7J , where he called them Kloss 's general 
principle: 
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Theorem 5.1 ([7, Thm.3.1]). Let (£ n : n G N) be a sequence of independent G-valued 
random variables. Then there exists a sequence (a m : m G N) of deterministic elements 
of G such that, for any n G N, the product £ n £n+i • • ■ £m«m converge in law as m — >■ oo. 

Theorem 5.2 ([7, Thm.3.2]). Lei (£ n : n G N) fre a sequence of independent G-valued 
random variables. Assume that, for each n G N, the product £ n £n+i • • • £m converges in 
law as m — )■ oo to some G-valued random variable rj n . Then there exists a unique compact 
subgroup H of G such that the following statements hold: 

(i) For eac/i nGN and h £ H, r\ n h = rj n ; 

(ii) For eaca n G N, £ n £n+i • " '£m,H converges a.s. in G/H as m — > oo. 
In i/ws case, it ao/ds that 

r—\ d 

(m) n n — > loh as n oo. 

5.2 Infinite products of independent random variables 

For any probability laws on G and any fc, / G — N with k > I, we write := 
/ifc * Hk-i * ■ 4 4 * W, for instance, fik,k = Hk, ^k,k-i = Hk * fJ-k-u and so on. For any G-valued 
random variables and any k, I G — N with k > I, we write = £k£k-i ' ' ' fo r 
instance, £ fc)fc = £ fc , £ fc ,fc-i = CfcCfc-i, and so on- 
Let us prove Theorem 12.11 

Proof of Theorem \2.1\ By Theorem 15.11 there exist a sequence (ai) of deterministic 
elements of G and a sequence (A&) of probability laws on G such that, for any k G — N, 
Hk,i * o~ai — Afc as / — )■ — oo. This shows (II). 

It is obvious that (A&) satisfies the convolution equation (14. 7p . Hence, by Lemma 1*0} 
there exists a solution {(77°), (6c)} suc h that, for any fc G — N, it holds that 77° has law A^ 
and that 

£k,ioti -^Vk as / -> -00. (5.1) 
Set £k = Q!k+i€k&k f° r k G — N. Then we see, for any k G — N, that 

6m as Z -»■ -00. (5.2) 

Then Theorem 15.21 shows that there exists a compact subgroup H of G such that 

(i) i]®h = rfl for each h G Ff and each /c G — N; 

(ii) ik,iH converges a.s. in G/H as I —> —00 for each k G — N; 

(iii) ar" 1 ?7; _ 1 — — >■ as / — > —00. 
The statement (ii) implies 

(ii') £k,i®iH converges a.s. in G/H as / —> —00 for each k G — N. 

The statements (iii), (i) and (ii') prove (12), (13) and (14), respectively. 

Suppose that (A/-), (5&) and H also satisfy (II) and (12) and let g be an accumulation 
point such that af x ai — » <? along a subsequence / = 
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By (II), we have fik,i * S ai —> \k and Hk,i * — > as I — > -co for each k G —N. 
Taking the limit in both sides of the identity 

Vk,l * = Vk,l * * 5 a -i Sj (5.3) 
along the subsequence I = we have \k = \k* S g for all k G — N. 

By (12), we have 5 a -i * A^_i —> uj h and 5~-i * A^_i — > as I — > — oo. Taking the limit 
in both sides of the identity 

5~-i * Vi = 5 ( aT ^ l y 1 * V 1 * A/ - 1 * 69 ( 5A ^ 

along the subsequence I = l(j), we obtain uig = S g -i * loh * S g , which proves that H = 
g~ 1 Hg. Therefore the proof of Theorem 12.11 is complete. □ 

Let us prove Theorem 12.41 

Proof of Theorem\2.4\ (i) Let {(77°), (6s)} De a solution satisfying (El) with some (an) C 



G. Let us prove that the solution {(77°), (Cfc)} is extremal. 

Let {(rjk), (£&)} be an arbitrary solution. Here we denote the noise process by the same 
notation without any confusion. Note that 

Vk = tkM-i = (fjyajXar 1 ^-!)- ( 5 - 5 ) 
Since s (G) is compact, there exists a subsequence I = l(j) such that 

ot^Vi-i — > v alon S 1 = Kj) ( 5 - 6 ) 
for some G- valued random variable V, which we may take to be independent of {(i]®), (£&)}• 

Now we take the limit in (15.51) along the subsequence I = l(j). Note that, since 
{(r)k), (£fc)} is a solution, we see that a i ~ 1 r7;„i is independent of £k,ion- By (15.11) and (15.61) . 
we see that 

{£k,m , a^vi-i) — ► (vli v ) alon s 1 = Kj)- ( 5 - 7 ) 

Taking the limit in (I5.5P along this subsequence, we have rjk = rj®V for each k G — N. By 
Lemma T4. 31 we have (rjk) = (^V)- This proves that the solution {(tj^), (£&)} is extremal. 

(ii) Let {(rjl), (£&)} be a solution which satisfies (El), (E3) and (E4) for some sequence 
(en) C G and some compact subgroup H of G. Applying Theorem 15.21 to £/e — «fc+i^fc«fc, 
we see that (E2) holds with these (an) and H. 

The proof of Theorem 12.41 is therefore complete. □ 



5.3 Construction of an extremal solution 

Let us prove Theorem 12.71 
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Proof of Theorem \2. 7[ Let £ k s be independent random variables such that each ^ has 
law (if.. Let Uq be a G- valued random variable which is independent of and is uniform 
on H . 

By Theorem 12.11 we see that, for any k G — N, the limit 

:= lim ik^H (5.8) 

l— >— oo 



converges in G/H a.s. as I — > — oo. Hence, for any fixed k G — N, we may define 4>k as 
= s(<&fc). It is by definition that is a.s. measurable with respect to F k and that 

ik,mH as I ->■ -oo. (5.9) 



Now it is obvious that 

= ^ k _ x H a.s. for all fc G — N. (5.10) 



For k G — N, we define 

^ = ^Co^i^o- (5-11) 

Note that 

hk := ^i+i^o = (^C+A+i) (0 fc +iC+ 2 ^ +2 ) ■ ■ • (C^Vo) , (5.12) 
which belongs to H a.s. by f)5.10p . Hence we see that 

((60, Uk) = ((&), h k U ) = ((&), C/o) ; (5.13) 
in fact, since fo& G Jq, we have, for any bounded measurable function / on G, 

E[f(h k U )\tf} = [ f{h k h)u H (dh) = [ f{h)u H (dh) = E[f(U )}. (5.14) 

J H J H 

Now we see by (15.131) that U k is independent of J-q an d * s uniform on if. 
We define 

rf k = <j) k U k , k G — N. (5.15) 

By (15.111) . we have r] k = £kVk-i a - s - f° r eacn ^ e ~ ^. Let us prove that each £ k 

„0 

is independent of F k _ v Let k > I and let f k ,fk-i,---,fi be non-negative measurable 
functions on G. Then we have 

E[fk{tik)fk-i(vl-i)fkMv k -2) ■ ■ ■ MVi)} (5-16) 
^[^(^/^(^^/^((^-i,*-!)- 1 ^!) ■ " " /iffc-ii+i)" 1 ^-!)] (5-17) 
=E[f k fa)fk-i(<i>k-iUk-i)fk-2(fa-iU k - 1 ) ■ ■ ■ fi^ l+ iU k -i)\ (5.18) 
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where ipj — (6c-i,j) Vjfe-i for j = k — 1, . . . , I + 1. By (15. 13)) . we obtain 

d5H =E[f k (Ck)fk-i((l>k-iUo)fk-2^k-iUo) ■ ■ ■ fi&i+iUo)}. (5.19) 

Since is independent of V <j(Uq), we obtain 

dSHHD = J E?[/ fc (a)] J E?[/fc- 1 (0fc-iE/o)/fc- 3 (V'fc-i^o) • ■ ■ /i(^i+i^o)]. (5.20) 

This proves that is independent of cx(^°_ 1 , . . . ,^°), and hence of W a monotone 
class argument. Therefore, we see that {(^°), (£&)} is a solution. 

Let fc G — N. By ([53]), we have 

£k,i&lH — — > 77^iJ as / -»■ — oo. (5-21) 
By f )5.2ip and by definition 77° = (fikUk, we have 

^*A^ = t/J as/^-oo. (5.22) 

On the other hand, by (II), we see that the law of £k,i a iUk converges to A& * ojh, which 
is equal to A^ by (13). Thus we conclude that rfl has law A&. 

By (i) of Theorem 12 A\ we see that the solution {(?7°), (£&)} is extremal. The proof of 
Theorem 12.71 is therefore complete. □ 

5.4 Characterization of extremal solutions 

Now we prove Theorem 12.21 

Proof of Theorem \2.2[ Let {(?7&), (£&)}, ( a i) anc ^ H be as are gi ven i n the proof of Theorem 
12.11 By (i) of Theorem 12 A\ we see that {(??*!), (601 i s an extremal solution satisfying (El), 
(E2) and (E3) with (a,) and H. We see by Theorem O that {(?$), (&)} also satisfies 
(E4). Hence we see that this particular extremal solution {(r)l), (£&)} satisfies (El)- 
(E4). Since the general case follows immediately by Theorem 14.81 we have now proved 
the former half of Theorem 12.21 The latter half of Theorem 12.21 is immediate from that 
of Theorem 12. 11 The proof of 12.21 is therefore complete. □ 

5.5 Characterization of 

Let us prove Corollary 12.51 Before doing this, we prove the following lemma. 

Lemma 5.3. Let H and K be compact subgroups of G. Let g,gi,g2, ■ ■ ■ be elements of G. 
Then the following statements hold: 

(i) If H C K and if g n H — > gH , then g n K — > gK; 

(ii) // g n H -> gH and if g n K -> gK, then g n (H n K) -> g(H H K). 
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Proof of Lemma \5. 3*1 (i) Let tth and tt^ denote the natural projections of G onto G/H 
and G/K, respectively. Since H C K, there exists a mapping ith,k '■ G/H — > G/K such 
that ttx = tth,k ° Kh- Then it is immediate that tth,k is continuous. Hence we see that 
gK = ix H)K (gH) = lim„ Tr HtK (g n H) = lim n g n K. 

(ii) Let g(HC)K) be an accumulation point of {g n (HnK)}, which exists by compactness 
of G/{H C\K). We may take a subsequence n = n(j) such that g n ^){H C\K) —> g(HnK). 
By (i), we see that g n (j)H — > gH and g n (j)K — > gK, which implies that gH = gH and 
gK = gK. This shows that g(H n K) = g{H n K). Thus we obtain # n (# nK) 4 
g(HDK). □ 

Proof of Corollary \2.5[ (i) Set H = {h £ G : (r]®h) — [r]®)}. Then it is obvious that if is 
a compact subgroup of G and contains H^. Then it is obvious that (E3) holds with H. 
By (i) of Lemma [5.3} we see that (E4) holds with (c^) and H. Then, by (ii) of Theorem 
I2.4[ it also satisfies (E2) with («/) and H. This proves that H = H^. 

(ii) Suppose that if is a compact subgroup such that 

ik^iaiH ^ rf k H as I ->• -oo for all k G — N. (5.23) 

Set H = H n if^. By (ii) of Lemma ESI we see that 

£ k> iaiH ^ rf k H as I -> -oo for all jfe G — N. (5.24) 

Hence (E3) and (E4) hold with (a>i) and H. In the same way as above, we obtain 
H = H^, which implies that H D H^. □ 

Proof of Corollary \2.b\ This is obvious from Theorem 12.2} Corollary 12.51 and Theorem 
1481 □ 



5.6 Complementation formulae 

In this section, we let (A&), («;) and H be as in Theorem 12.11 and let s(-) and h(-) as in 
Subsection 12.41 For g G G, we write s(g) simply for s(gH). 

Now we prove Theorem 12.81 

Proof of Theorem \2.8l Let {(%), (£&)} be any solution. Let £/o be a G- valued random 
variable which is independent of (60 } and define ([/&) and (r/°) as given in Theorem 

12.71 Since {{i] k ), (£&)} is an extremal solution, there exists a G- valued random variable V 
such that {(%), (&)} = {(r^V), (&)}. Noting that 

VkV = ^UihUoHV-'r'siV- 1 )" 1 , (5.25) 
and that Uq is independent of Jq V cr(V), we have 

MVim 4 {(^(y- 1 )- 1 ),^)}. (5.26) 
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Thus we may assume without loss of generality that V = s(V *) . For simplicity, let us 
write 

Vk = 4V = <j) k U k V. (5.27) 

Now it is obvious that Claims (i) and (ii) hold and that the three ex-fields cr (£/&), cr(V) 
and J-| are independent. 

Let k G — N be fixed. Since i] k = (pkU k V, we have % Vfc = V~ l U k - This shows that 

V- 1 = siV- 1 ) = s( V ~ Vfc)- (5-28) 
Since k is arbitrary, we obtain (12722]) and a(V) C Fl^. By (15727)) . we obtain fl2724"j) . 
By Lemma [3.31 we obtain 



V(j(y) = (7(y) (5.29) 



where we have used the fact that J 7 !^ is trivial. Thus we obtain Claim (iii). 

Therefore the proof is complete. □ 

5.7 Characteristic subgroups H™° and H s * Tong 
Now we prove Theorem 14. Ill 

Proof of Theorem J^.ll, (i) This is obvious by (i) of Corollary [27 



(ii) Let us simply write H for H^. Set Nh = U 5 eG 9^g~ X - Since G and H are 
compact, we see that N H is also compact. In fact, if g n hn9n l ~ * f e ^ then there 
exists a subsequence n{m) such that g n (m) — ?• g G G and h n {m) — > h G H, and hence 
/ = ghg- 1 G N H . 

Let us prove that Hf ODS = N H . 

Let k G — N be fixed. By the proof of Theorem 12.21 we may represent p° as p° = 4>kU k 
where 4> k is measurable with respect to 7^ and U k is independent of and is uniform 
on if. Then, for any p G fj^ trong , we have 

p(U k ) = p(<p k )- l p(<p k U k ) = pM-'pivl) e ^ a.s.. (5.30) 

But, since p(£4) is independent of we see that p(U k ) is constant a.s. That is, p{h) is 
constant for a>#-a.e. /i. By continuity of p, we have p=id. on H, which implies that p=id. 
on Njj. Now we obtain 

^strong = | p . p ^ = i± for eyery ^ g ^1 

= {p = {piiP-z) '■ Pi = id. of iVe-, p 2 is unitary repre. on G/N H } . (5.32) 



22 



Since N H is a compact normal subgroup, the quotient G/N H is again a compact group. 
Hence the stabilizer if strong Q f strong j g no thing else but N H . 

The proof of Theorem 14.111 is therefore complete. □ 

Acknowledgements. The authors would like to thank Professors Marc Yor and Jean- 
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